A simple, numerically accurate and efficient method is given for the computation of Green's functions and their spatial derivatives for SH motion in a layered elastic medium. It is shown that with appropriately refined analysis the usual approximate method for the computation of Love waves can be modified to yield the complete solution containing both Love and body waves for SH motion, The complete solution is expressed as a sum of modes of both Love and leaking mode type. Contrary to commonly held notions, no branch line integrals are required. The method applies for both near-and far-field solutions. The application of the method is illustrated with a numerical example.
Introduction
The problem of the response of a layered elastic half-space to an arbitrary point source is of fundamental importance in seismology. Many previous authors have contributed both to the problem of mathematically representing various kinds of seismic sources and to developing methods for evaluating the response of a layered elastic medium to excitation by such sources. A convenient introduction to the subject may be found in Aki & Richards (1980) (to be referred to hereafter as AR) chapters 3, 4 and 7 and an extensive review containing nearly 500 references has been given recently by Harkrider (1 983). As discussed in AR, any seismic source may be represented either by a volume or a surface distribution of point sources. The response of the medium to a general point source may therefore be taken as the fundamental problem to be solved. Once solutions are obtained for such fundamental problems, the response to any distribution of such sources may be obtained by linear superposition.
The response to a point source is most conveniently described in terms of the Green's functions G i p ( x , t, t ) which correspond in physical terms to the ith component of Cartesian displacement ( u l , u 2 , u 3 ) at any field point x, due to a unit point force applied at any source point [ in the direction of the p-axis. For example, in the practically important case of a double-couple point source with arbitrary seismic moment M p q , the displacement ui at the field point x is given in terms of the Green's functions by an equation given by AR (their eq. 3.22) . In a similar way, the response to any arbitrary point source may be expressed as a linear combination of the Green's functions and their spatial derivatives with respect to the source point.
As is well known (see e.g. AR chapter 7), the complete solution for 3-D wave propagation from a point source in a horizontally layered elastic medium separates into two uncoupled problems. One of these involves only P-and SV-type wave motions and the other SH-type wave motion. Many methods have been developed for obtaining numerical solutions to each of these problems. The methods include finite differences (e.g. Alterman & Karal 1968) finite elements (e.g. Smith 1975 ) various ray methods (e.g. Richards 1971; Gilbert & Helmberger 1972; Chapman 1978; Chapman & Drummond 1982) various reflectivity methods (e.g. Fuchs & Muller 1971; Kind 1978; Kennett 1980; Cormier 1980; Wang & Herrmann 1980 ) discrete wavenumber methods (e.g. Bouchon & Aki 1977; Bouchon 1982) and modal methods (e.g. Rosenbaum 1960; Harvey 1981; Kame1 & Felson 1981 ; Haddon 1984) .
Apart from the finite difference and finite element methods, the above methods are all based on the well-known inverse Fourier-transform representations of the exact solutions (AR, chapter 7). The methods differ in respect of the manner in which the double integrals are evaluated and the kinds of approximations made. All involve truncations and other approximations and each usually has advantages or disadvantages in particular applications.
In the ray methods, for example, the integrands are first expanded as infinite series (the terms of which correspond to rays) before the integrations are performed. In the reflectivity and discrete wavenumber methods, the double integrations are performed directly, integrating (numerically) first with respect to slowness or wavenumber (for each of a large number of discrete sampling points for frequency) and then integrating with respect to frequency.
Finite difference and finite element methods are useful for short propagation distances, but they are computationally impracticable for large distances. Ray methods are useful when only a small number of rays is needed to represent the solution but they are impractical when the number of terms needed is large. Modern reflectivity methods (e.g. Kind 1978; Kennett 1980; Cormier 1980) and discrete wavenumber methods (Bouchon 1982) can be successfully employed for a wide variety of circumstances. Their principal disadvantage is the very large amounts of computer time they require.
A method which is potentially far more computationally efficient is the modal method. In this method one of the two integrations involved is performed analytically using Cauchy residue theory (rather than numerically). The remaining integration is then performed numerically in the same way as for the reflectivity and discrete wavenumber methods.
The modal method was first employed to obtain a complete solution for wave propagation in a layered liquid medium of infinite depth by Rosenbaum (1960) . As discussed by Haddon (1984) , in the 25 years since publication of Rosenbaum's paper, many authors have attempted to apply the same approach to more general layered problems. Until very recently however, no fully satisfactory theory has been forthcoming, though a useful 'locked mode approximation' (see e.g. Harvey 198 1) has been extensively employed.
By taking o and k as complex and appropriately deforming the paths of integration in both the w and k-planes, Haddon (1984) showed that the exact solution for the general infinite depth case can be reduced to an infinite sum of single integrals, just as in the case considered by Rosenbaum. A serious disadvantage of this work however was that the single integrals could only be conveniently approximated by asymptotic methods. In a subsequent paper (Haddon 1986a ) it was shown, however, that reversing the order of integration and choosing a suitable path of integration in the w-plane, the integration with respect to k can be performed exactly by use of Cauchy Residue theory and then the integration with respect to w can then be performed using the Fast Fourier Transform (FFT). It happens that this latter method is essentially the same as the approximate method given by AR for computing Love waves (in which branch line contributions and leaking modes are neglected). The important difference is that rather than taking a path of integration along the real a-axis and truncating the residues at the so-called modal cutoff frequencies, the path is first appropriately deformed in the w-plane. When this is done each residue is analytically continuous along the entire path of integration in the w-plane and no truncations are necessary. For part of the path each residue corresponds to a trapped (Love) mode and for the remaining part a 'leaking' mode. There are no contributions from branch line integrals. In what follows the theory given in AR chapter 7 and the theory given in Haddon (1986a) will be adapted and extended as necessary to give the exact Green's functions and their spatial derivatives for SH-type wave motion in a layered medium. Work currently in progress shows that the P-SV problem can be solved in a similar way, but this much more complicated problem will be deferred for consideration in a separate paper.
The formal solution
In this section, the formal integral solution of the problem of the SH response of a localized point force applied at a point in a layered elastic medium will be adapted from the corresponding discussion given by AR and put into a form suitable for subsequent evaluation. We shall adopt the discussions and derivations in AR from pp. 304 to 310 in their entirety. At this point, however, in order to obtain explicit expressions suitable for computing the vertical depth functions and the derivatives of the Green's functions we shall assume that the vertically heterogeneous medium may be represented as a stack of n homogeneous, perfectly elastic,isotropic layers (] = 1, . . . , n ) whose successive interfaces beginning at the free surface (at depth z1 = 0) are located at depths zi (j = 1, . . . , n ) and where the thickness of the lowermost layer ( j = n ) is infinite. Of course, the number of layers may be taken sufficiently large to represent the continuous case.
It is also convenient to extract the factor f T from AR's vertical wavefunction 1. We then obtain in place of their equation 7.137, where explicit formulas for the functions N and A are given in Appendix A. In this last equation, for consistency with the author's previous work (Haddon 1984 (Haddon , 1986a , the opposite convention for Fourier Transforms t o that used by AR has been used in that the factor exp (-iwt) in the AR equation has been replaced by exp (iwt) in the equation above. We have also written &(a, rn) for f T to indicate the dependence of this function on w and m.
AR derive their equation 7.138 directly from their equation 7.137 to give an approximate representation of the contribution to the complete solution from Love waves. (As such their equation 7.138 is an approximation of uncertain reliability, because, apart from the neglect of branch line integrals and leaking modes, each Love mode in the latter equation begins to contribute abruptly at the so-called modal cutoff values in the frequency domain. The r.h.s. of AR equation 7.1 38 therefore has an infinite number of spurious discontinuities which result in spurious oscillations in the time domain.) By using results established by Haddon (1 986a) the discontinuities and all uncertainties are removed and equation 1 (or equivalently AR's equation 7.137) can be evaluated exactly to given an expression similar in form to AR's equation 7.138, but for a path of integration in the complex w-plane rather than along the real wuxis.
Exact integral expressions for the Green's functions for SH motion and all of its spatial derivatives are most easily obtained from the solution of the problem of an arbitrary point force applied at r = 0, z = h following precisely the same procedures as described in AR. The economy in this approach is that, as derived in AR equation 7.125, the summation over m in (1) contains only two non-zero terms, those for m = * I , for which f~( w ,
, where F, and F,, are the Fourier transforms of the x and y components of the point force P = (Px, P,,, P,). Assuming that the latter functions are identically zero for t less than zero, then it is easily shown that F, and F,, are regular analytic functions of w everywhere in the lower half plane. By use of the Fourier Integral theorem and Cauchy's theorem it is then easily shown that
where r is any path from a point w = -ziz (a > 0 ) on the negative imaginary w-axis, along the line Im o = -a t o the point -ia + ~0 at infinity. Corresponding to (1) the SH displacement may therefore be written where
At this stage, for many purposes, it would suffice to approximate TL and T i ' using asymptotic forms as is done by AR. We shall here, however, determine the exact solution.
From AR equations 7.1 13 and 7.1 17 and using the well-known result that the derivative of a Bessel function of order zero is the negative of the Bessel function of order one, we obtain 1 kr S(w, r, 4) = -(FY sin @ I-F, cos 9) -J1 (kr) i -(FY cos 9 -F, sin 9)
The components of the Green's functions for SH motion are then given by (6) and (8) 
Evaluation of integrals
The new method for the evaluation of the integrals (6) and (8) has been discussed in detail by Haddon (1986a) the sums of the residues for M o ( u ; r, z ) and M I (a; r, z ) are determined by expressions such as equation (9), the integrals (6) for 1, and Zl may be rapidly and accurately evaluated by a straightforward application of the FFT. For example, numerical results for lo for distances from 25 km to 600 km are shown in Fig. 7 . Detailed variations in amplitude and waveforms, including all of the successive reflections and head waves may be easily identified in this figure. Integrals representing derivatives of Gi, may be easily evaluated in precisely the same way. Details on how these derivatives may be calculated are given in Appendix B.
Because of the logarithmic singularities of the Hankel functions at km (W)Y = 0, equations (6) and (9) are unsuitable for evaluating solutions for r = 0 and for small values of r. When such cases are of interest, a uniformly valid representation suitable for all values of r may be obtained by substituting equation (9) into equation (6), interchanging the order of integration and summation, and then deforming the path r (separately) for each of the resulting integrals to lie along the opposite sides of a branch cut (for each integrand) from the associated branch point w, (at which k,(w) = 0) along the line Im w = Im w, to infinity. The integrals along the opposite sides of the cuts then combine analytically to give integrands identical to the terms in the sum in equation (9), except that the Hankel functions are replaced by 2J0 [ k , ( w ) r ] , where J o ( z ) denotes the Bessel function of the first kind of Figure 7 . Values of the integral I,, at the free surface for distances from 25 km to 600 km. normalized to the same maximum amplitude. These results were computed using an FFT to evaluate equation (6) after first obtaining the sum of residues for M, from equation (9) using 50 roots. The source was taken to be located a t a depth of 5 km and to have a time variation given b y f ( t ) = fl/J?re) exp (--t'/e) with ~= 0 . 0 4 . The traces have been aligned using p, as a reduction velocity. The successive reflections and the head waves are easily identified. It is interesting to note the change in amplitude and pulse waveforms as the reflection angles change from sub to supercritical. The waveforms in the subcritical range (including the head waves), and those in the supercritical range are associated with intervals of the modal dispersion curves which correspond to leaking modes and trapped modes, respectively. order zero (which is regular at z = 0). The resulting integrals (6) can then be evaluated using the FFT as before. Numerical results (including results for r = 0) obtained in this way are in full agreement with those shown in Fig. 7 .
Comments on some computational aspects of the solution In order to obtain the sums of residues in the functions M o and M I , the residue amplitude functions shown in Fig. 6 must each be multiplied by the associated function Hi2) [k, (w)r] and the results summed. For large r the latter are very rapidly varying functions of Re 0. For any chosen range of frequency and large r the number of points required to represent the sums of residues in Mo and MI accurately may therefore be very large indeed. The question of computational efficiency is therefore important.
Improved computational efficiency may be obtained without any significant loss of accuracy by exploiting the fact that all of the numerical results illustrated in Figs 2-6 are independent of both r and t and that the amplitude functions shown in Fig. 6 as well as the functions k , (a) (Figs 2-4) are each slowly varying functions of Re w on the path r(b), except in some small intervals. Sufficient accuracy may therefore by obtained by computing each of the above functions using a relatively large step size for Re w , except in the intervals where rapid variations occur. In the latter, the step size may be reduced as required. Intermediate values may then be obtained by interpolation. It is then only necessary to compute the rapidly varying functions Hi2) [k, ( w ) r ] at each of the sampling points for the FFT. Except when )k,(o)rI is small these latter functions can be accurately and efficiently computed using an asymptotic form. Using this procedure, high numerical accuracy can be obtained with high computational efficiency. For example, while no attempt was made to optimize efficiency, the results shown in Figs 2-7 were obtained by computing each of the dispersion curves at only 100-200 points for each curve, while 1024 points were used for half of the range of the FFT. It appears likely that in future developments optimal computational efficiency might be attained by also utilizing the principle of stationary phase and evaluating the individual residues only in those limited intervals where they constructively contribute to the total solution for particular values of r a n d t of interest.
In conclusion it should be noted that for some particular models the locations of the branch points 0 , might be such that it might prove necessary to depart from the use of simple paths of integration parallel to the real w-axis as happens, for example, when the method is applied to the problem of P-SV motion in a model consisting of a stack of fluid layers on a solid elastic half-space (Haddon 1986b) . If so, this would require some minor modifications, but the basic method would continue to apply. Detailed discussions with relevance to the present problem are given in Haddon (1 986a, b).
Conclusion
By choosing suitable paths of integration in both the complex frequency and complex wavenumber planes, the method described by Aki & Richards (1 980) for the approximate computation of Green's functions for Love waves has been extended to give complete and exact Green's functions for SH motion in a layered elastic medium. The complete solution consists of a superposition of modes of both trapped (Love) and leaking mode type. There are no residual contributions from branch line integrals. The method is simple to apply, numerically efficient and accurate. It is suitable for all distance ranges and for all depths of both source and receiver.
represent the z-dependent stress-motion vector corresponding to the surface traction discontinuity representing the source at depth z = h, where l;, 1; and f T are as defined in At the interface between the ( n -1)th layer and the half-space, the associated z-dependent stress motion vector then has the form
where En is, at this stage, an arbitrary function of w and k . This stress-motion vector is continuously propagated upwards to the free surface using equation A2 as before. At the free surface this gives
The complete stress-motion vector W(z), say, for the problem consists of the sum of V'(z) and V"(z) and this vector represents the source and satisfies all of the boundary conditions, including the condition of zero stress at the free surface if En is chosen such that W 2 (0) = 0. This latter condition gives V i ( z ) is, however, the characteristic function A(w, k ) which vanishes at each root k,(w), so that each of the functions N [w,k,(w) ;z] is a continuous function of z , for all z > 0, and all roots k,(o) of A(w, k ) = 0. It thus follows that the total solution is a continuous function of z for all t > 0 and all z > 0.
Appendix B D E R I V A T I V E S O F T H E G R E E N ' S F U N C T I O N S
Let the Cartesian coordinates of the source point be (El, t 2 , t 3 ) . Exact derivatives of the Green's functions with respect to t1 and t2 are easily obtained by applying the operators Derivatives with respect to E3 (i.e. depth of source) require that the functions N [w, k , (w) ; z ] in equations such as equation (9) (w) . Finally it may be noted that the roots k,(w) are independent of source coordinates so that once these roots and the corresponding V " ( z ) are determined, solutions for any desired depth of source require only the values V i ( 0 ) and V;"(O) for each particular source depth. These results can evidently be exploited for the efficient computation of the response to any desired volume or surface distribution of point sources.
v i ( t 3 -z i ) .
